Abstract. We introduce the canonical outer derivation (or vector field) on a Poisson manifold. This is a Poisson vector field well-defined modulo hamiltonian vector fields.We study this outer derivation by geometric and sheaf-theoretic methods, mostly for holomorphic Poisson manifolds.
Introduction
In this paper we introduce the canonical outer Poisson vector field on a Poisson manifold (both in the smooth and complex-analytic cases). This means that we construct a canonical class of Poisson vector fields modulo the locally hamiltonian vector fields. This class is an obstruction to the existence of a volume form invariant under all hamiltonian flows. It is defined even both in the case of a smooth Poisson manifold and in the case of a holomorphic Poisson manifold, even if there is no global volume form. We show (in the complex-analytic case) that this outer vector field gives a class of holomorphic functions with singularities along the complement of the regular set, which is canonical modulo the addition of Casimir functions. We study this class in terms of various sheaf cohomology groups of interest. The same outer vector field has been introduced independently by Alan Weinstein [W] . He has a description of the outer vector field which relates it to the KMS theory and thus to the Connes-Takesaki theory of modular automorphisms of a von Neumann algebra.
We thank Alan Weinstein for communicating to us an early version of his work and for useful correspondence. The first author thanks the participants at the Singularity Seminar at Marseille-Château Gombert where he lectured on this work in 1996. We thank Philip Foth for useful comments on a previous version of the paper.
Hamiltonian and outer vector fields of a Poisson manifold
We will work either with a C∞ or a complex Poisson manifold M. In the first case there is a Poisson tensor $, were TM is the tangent bundle. In the second case the Poisson tensor π is a holomorphic section of $, where ΘM is the holomorphic tangent bundle.
There are three interesting classes of vector fields, which we enumerate starting with the largest class:
(1) The Poisson vector fields: a vector field ξ, is Poisson if it preserves the Poisson structure, that is $, where {,} is the Schouten bracket.
(2) The locally hamiltonian vector fields: locally ξ is of the form XH = i(dH)π, where i denotes interior product, and H is a smooth (resp. holomorphic) function defined locally.
(3) The hamiltonian vector fields: ξ = XH for some global H.
It is interesting to devise cohomological criteria separating these types. Now we come to the notion of an outer Poisson vector field. This is defined to be a section of the quotient sheaf Der/Ham.
Lemma 1. Let M be a smooth Poisson manifold or a complex Poisson manifold which is Stein. An outer Poisson vector field comes from a global Poisson vector field if and only if the corresponding class in
$ is trivial.
The isomorphism comes from the exact sequences of sheaves $, in the smooth case $, in the holomorphic case. In the holomorphic case we have $ for i > 0 because M is assumed to be Stein.
Koszul operators and the canonical outer vector field
The results here were also obtained independently by A. Weinstein [W] . For $, we have the Schouten bracket {u, v} which belongs to $. Following Koszul [K] , we say that an operator $ generates the Schou¬ ten bracket if and only if we have
There is a similar notion in the holomorphic case. We call these operators Koszul operators.
Theorem 1 (Koszul) . (1) The set of Koszul operators D is in canonical bijection with the set of connections $ on the canonical bundle $ (resp. $).
(2) The square D2 is interior product with the curvature K of $.
(3) Let $ be a connection on the canonical bundle, and let α be a 1-form.
Then the Koszul operator corresponding to the connection $ is D + i(α).
In particular, a Koszul operator is of square 0 if and only if the corresponding connection is flat.
Recall that a holomorphic vector bundle E → M has Chern classes $ in Hodge cohomology, and slightly more refined classes in $, where $ is the sheaf of closed holomorphic p-forms.
Corollary.Let M be a complex manifold.
(1) There exists a global holomorphic Koszul operator Proof The first statement follows from Atiyah's result [A] that there exists a con¬ nection on the canonical bundle$if and only if c1 (ΘM) vanishes. Concretely, we can prove (1) and (2) This Poisson vector field associated to the Koszul operator D will be denoted by$. If D corresponds to a volume form v, we will also denote $ by$.
Proposition 4. Given a volume form v over
$, the vector field $ is given by $.
Proof. Let D be the integrable connection on ωM corresponding to v. Let us compute the action of the vector field $ on a smooth function f. From (1) and the facts that D2 = 0 and Df= 0 we get $.
On the other hand, we have divv(Xf) = DXf = D{f, n} =-D(fDπ).□ Weinstein [W] One motivation for working with this section of the quotient sheaf is that for a general complex manifold, the condition of existence of an integrable connection on$ is rather draconian (cf. Corollary of Theorem 1).
Let us now look at the regular case. Then we have easily:
Proposition 5.For a regular Poisson manifold equipped with a fibration p : M → Z whose fibers are the symplectic leaves, and for any volume form v, the Poisson vector field Dπ is equal to
(5) -Xlog f,
where the function f is defined as follows. Let α be some volume form on Z; then the Liouville fiberwise volume form β defines a volume form $ on M. Then
Corollary (see also [W] ).The section of Der /Ham is supported in the singular set of the Poisson manifold M.
As an example, let $ be a complex Lie algebra, and let $ be the modular character λ(ξ) = Tr(ad(ξ)). Pick a constant volume form v on the Poisson manifold$. Then the vector field $ is the constant vector field λ on $. So λ represents the outer vector field ξ. We have
Proposition 6.Let $ be a (real or complex) Lie algebra which is not unimodular. Then the outer Poisson vector field ξ does not vanish in any neighborhood of 0.
This is proved easily by looking at the Taylor series at the origin of any hamiltonian vector field.
The canonical singularity class
For a Poisson manifold M, we have the canonical Poisson outer vector field ξ. We have proved that its restriction to the regular open set U is trivial. We wish to think of ξ as corresponding to a class (modulo Casimir functions) of singularities along S = M\U of multivalued meromorphic functions. This will be mostly interesting in the complexanalytic case. We use cohomology $ with supports in S of a sheaf F, which fits into the exact sequence In (1) we could more generally assume that M has a multi-valued volume form v such that $ is constant for any monodromy transformation T.
Proof. Under the assumption of (1), let D = Dv be the Koszul operator of square 0 corresponding to v. The global Poisson vector field $ is locally hamiltonian over U, hence gives a section of $ over U. This proves (1). From this section we can then get a class in $ by applying the coboundary map ∂ in (7) for the sheaf $. We can change the volume form, multiplying it by a non-vanishing function f over M. Then log f is globally defined over U modulo constants, hence it is globally defined as a section of the quotient sheaf $ over U. Therefore the image in $ is well-defined. This proves (2) get a section of $ over Uij such that $, hence gj -gi= fij. It follows that the Čech coboundary of (gi) is zero in the quotient complex, hence we have indeed a cohomology class in degree 1. It is easy to verify that it is independent of the choices made. □ There is another interesting cohomological invariant attached to ξ. This is the class in $ obtained from the class in $ by applying the boundary map for the exact sequence of sheaves $.
If we have a volume form on M, then there is a corresponding class in $. We can summarize the situation into the following square $ The classes in the groups of the first row depend on a volume form; the classes in the groups in the second row are entirely intrinsic.
We would like to suggest that the groups $ and $ have a geometric interpretation in terms of multivalued holomorphic functions on U whose variation (under monodromy) is a Casimir function. We first study the case where the Poisson tensor π is non-degenerate on a dense open set U. open set in U, this is the hamiltonian vector field associated to a branch log x of the logarithm function. The obstruction to finding a global function f such that υ = Xf is given by the monodromy of log x, which is encoded in the generator of $. The class in $ is the canonical orientation class.
In general the group $ is hard to describe. However for any symplectic leaf $ we have a restriction map $; therefore for any loop $ we have a corresponding character $. This has the following description: Concerning the cohomology groups $ associated to a complex Poisson manifold M, they are modules over the algebra $ of global Casimir functions. It is tempting to conjecture that for M a Stein manifold, these are finitely-presented modules.
